The effect of confinement on the bosonic vacuum under the action of an applied magnetic field is computed using Schwinger's formalism for the effective action. The final result reproduces an effective Lagrangian similar to the Heisenberg-Euler one in the limit of no confinement and in the case of confinement provides the necessary corrections to this Lagrangian at each order of magnitude of the magnetic field. It also shows a new contribution changing the vacum permeability constant.
The quest for an effective Lagrangian which describes a complex scalar field leads to an expression that could either be called the bosonic HeisenbergEuler effective Lagrangian or just the Schwinger Lagrangian. The HeisenbergEuler Lagrangian describes a classical electromagnetic field in the vacuum of the electron quantum field [1, 2, 3] and the expression presented here is the effective Lagrangian for a complex scalar field which was first obtained by Scwihnger in 1951 [3, 4] . The vacuum fluctuations of the quantum field are altered by the application of the electromagnetic field and the alterations show up in the Lagrangian as extra terms apart from the ususal Maxwell quadratic term for the electromagnetic field in classical vacuum. The properties of relativistic quantum vacuum are also affected by confinement and this process is known as the Casimir effect [5, 6, 7, 8] . The original Casimir effect [5] is the observable [7, 8] attraction between two uncharged parallel conducting plates confining the electromagnetic quantum vacuum between them. Knowing that both the confinement and the applied electromagnetic field affect the quantum vacuum of a charged field [10] it is natural to ask what is the combined effect of their joint action on the vacuum. The combined effect of confinement and applied field can be seen either as the influence of the applied field on the Casimir effect or as the influence of the confinement on the constitutive relations of the vacuum. Although related these two points of view lead to completely different phenomena. As we are interested in understanding the modifications of the vacuum properties, specifically the magnetic permeability induced by the Casimir effect, we develop the second point of view and show that confinement leads to a linear contribution to the vacuum magnetization. This contribution is dominant in the presence of a weak magnetic field and is totally absent in the original Lagrangian.
Let us consider the vacuum of a complex scalar field of mass m and charge e confined between two large parallel plates of side ℓ and separation a, under the influence of an external uniform constant magnetic field B with direction perpendicular to the plates. The confinement is described by the Dirichlet boundary conditions, which demand a vanishing field within the plates.
We use here Schwinger's proper-time method [3] to compute the effective Lagrangian and start with its expression for the effective action:
where s 0 is a cutoff in the proper-time s, T r means the total trace and H is the proper-time Hamiltonian, which is given by: (p − eA) 2 + m 2 , where p µ = −i∂ µ , e is the charge of the bosonic particle, A is the electromagnetic potential and m is the mass of the boson. The boundary conditions give for the component of the momentum which is perpendicular to the plates the eigenvalues nπ a (n ∈ lN ). The other space components of the momentum are constrained into the Landau levels created by the magnetic field B. The trace in (1) is given by:
where the first sum is over the Landau levels with the corresponding multiplicity factor due to degeneracy, the second sum is over the eigenvalues stemming from the Dirichlet boundary conditions and the integral range is given by the measure time T and by the continuum of eigenvalues ω of the operator p 0 . Following Schwinger's regularization prescription [9] we apply Poisson's, formula [11] to the second sum in order to obtain:
The sum over the Landau levels is straightforward [4] and the trace in (2) is given by:
where M(ξ) is defined as M(ξ) = cosechξ − ξ −1 . Substituting now eq.(4) into eq. (1) we get for the effective action:
where on the r.h.s. the first term gives the bosonic Heisenberg-Euler contribution to the effective Lagrangian:
and the second term, which comes from confinement, will be called the bosonic Heisenberg-Euler-Casimir contribution to the effective Lagrangian:
The contributions given by eq. (6) and eq. (7) 
with a constant of proportionality which tends to e 2 Γ(0)/48π 2 in the limit s 0 → 0. This constant will be written as Z BHEC in (7) depends on e and B only through the product eB and we simply substitute on it eB by e R B R . The first two terms in the expansion of 1 + M(iseB), which give spurious contributions to (6), give terms in (7) which depend on the observable parameter a and in the limit s 0 → 0 are finite. As all quantities are properly renormalized, the subindex R will be omitted. So, the complete effective Lagrangian is: (9) where the integration axis s has been rotated to −is [3] and the cutoff s 0 has been finally removed. There are three distinguished contributions in eq. (9) . The first one is the renormalized Maxwell Lagrangian L 0 (B), given by the quadratic term −B 2 /2. The second is the renormalized version of the bosonic Heisenberg-Euler Lagrangian (6):
For B small compared to the critical field B cr = m 2 /e this Lagrangian can be expanded in powers of B 2 to obtain:
where B 2k is the 2k-th Bernoulli number. This expression shows that the lowest order contribution from the bosonic Heisenberg-Euler Lagrangian to Maxwell Lagrangian is a term B 4 . Finally, the third distiguished contribution to the complete Lagrangian (9) is given by the properly renormalized version of the Lagrangian L BHEC in (7), which is written as
and
The first term in (12) is minus the Casimir energy density for a massive bosonic field (cf. [4] and references therein). It is an observable quantity, but it has no importance in the present formalism because it is independent of B.
If our sole interest is to obtain an effective Lagrangian for the magnetic field B this first term can be simply discarded. The term L
BHEC (a, B) in (12), which is given by (14), is the correction due to confinement to the HeisenbergEuler Lagrangian L 
This expression provides a term by term correction to the expression (11) of the bosonic Heisenberg-Euler effective Lagrangian in pwers of B 2 . The second term in (12) , which is quadratic in the field B, provides a contribution to the effective Lagrangian that is totally absent in the bosonic Heisenberg-Euler Lagrangian L (1) BHE . This contribution can be expressed as a change in the vacuum permeability constant due to confinement and is given by (13) . To highlight its importance let us consider a weak field regime in which only quadratic terms in B are not negligible. In this situation the whole bosonic Heisenberg-Euler Lagrangian (11), as well as its corrections in (15), makes no contribution to the effective Lagrangian of the field B. The only contribution that is left is the quadratic one from (12) , which changes the Lagrangian (8) to
In the general case the permeability µ(am) of the bosonic confined vacuum, which is given by (17) reduces to 1 when the confinement disappears (a → ∞). From the properties of the Bessel functions [12] it is easy to see that it decreases quickly from infinity to zero as am increases from zero to infinity, so its effect on the confinement is a very small reduction on the magnetic permeability. The other term gives a more significant contribution to the expression. Unlike the fermionic case [13] , there is no phase transition in the bosonic case as can be seen in figure 1 . The magnetic permeability behaviour shows clearly the diamagnetic structure of the confined bosonic vacuum. 
